We report a set of monogamy constraints on one-tangle, two-tangles, three-tangles and four-way correlations of a general four-qubit pure state. It is found that given a two-qubit marginal ρ of an N qubit pure state |ΨN , the non-hermitian matrix ρ ρ where ρ = (σy ⊗ σy) ρ * (σy ⊗ σy), contains information not only about the entanglement properties of the two-qubits in that state but also about the correlations of the pair of qubits with (N − 2) qubits in |ΨN . To extract information about tangles of a four-qubit state |Ψ4 , the coefficients in the characteristic polynomial of matrix ρ ρ are analytically expressed in terms of 2 × 2 matrices of state coefficients. A general monogamy relation satisfied by one-tangle, two-tangles, three-tangles, and residual correlations in a multiqubit state |ΨN is also given. * Electronic address: shelly@uel.br
I. INTRODUCTION
Entanglement is not only a necessary ingredient for processing quantum information [1] but also has important applications in other areas such as quantum field theory [2] , statistical physics [3] , and quantum biology [4] . Multipartite entanglement is a resource for multiuser quantum information tasks. Since the mathematical structure of multipartite states is much more complex than that of bipartite states, the characterization of multipartite entanglement is a far more challenging task [5] . Monogamy of quantum entanglement refers to shareability of entanglement in a composite quantum system. Monogamy relation for entanglement of three-qubit states, known as CKW inequality, was reported in a seminal paper by Coffman, Kundu, and Wootters [6] . It implies that stronger the entanglement of a qubit pair in a three-qubit pure state, the weaker is entanglement of the pair with the rest of the system. This feature of entanglement has found potential applications in areas of physics such as quantum key distribution [7] [8] [9] , classification of quantum states [10] [11] [12] , frustrated spin systems [13, 14] , and even black-hole physics [15] . An understanding of distribution of quantum correlations in a pure state with more than three qubits is still a fascinating challenge.
An extension of CKW inequality to four-qubits is violated by a subset of four-qubit states [16] . Entanglement of pure or mixed state of two-qubits is quantified by a well known entanglement measure known as two-tangle. Twotangle or concurrence is a calculable measure [17, 18] of entanglement. We use the definition of two-tangle of a mixed state to find the constraints satisfied by entanglement of a single qubit to the rest of the system in a four-qubit pure state (one-tangle), the entanglement of two-qubit marginal states (two-tangles), entanglement of three-qubit marginal states due to three-way correlations (three-tangles), and a set of four-qubit unitary invariant functions of state coefficients (four-tangles). Our results advance on some of the recent efforts [16, [20] [21] [22] [23] to find constraints satisfied by tangles of a four-qubit state.
To state our main results presented in Section VI, we define one-tangle, two-tangle, three-tangle and necessary unitary invariants in Section II through Section V. Analysis of tangles of a four-qubit GHZ state in Section VII and a special subset of four-qubit states G (2) a,ia,ia in section IX, is followed by conclusion in section X.
II. DEFINITION OF TWO-TANGLE
Entanglement of qubit A 1 with A 2 in a two-qubit pure state
a i1i2 |i 1 i 2 ; (i m = 0, 1)
is quantified by two-tangle defined as τ 1|2 (|Ψ 12 ) = 2 |a 00 a 11 − a 10 a 01 |. Here a i1i2 are the state coefficients. Let
1 −x * x 1 be a unitary transformation acting on qubit A j . We can verify that a 00 a 11 − a 10 a 01 is a two-qubit invariant that is it remains invariant under the action of U 1 or U 2 . Two-tangle of a mixed state
12 is constructed through convex roof extension as
It is a calculable measure [17, 18] . Specifically, two-tangle of a two-qubit state ρ 12 is given by
where λ 1 ≥ λ 2 ≥ λ 3 ≥ λ 4 are the eigenvalues of non-Hermitian matrix ρ ρ with ρ = (σ y ⊗ σ y ) ρ * (σ y ⊗ σ y ). Here * denotes complex conjugation in the standard basis and σ y is the Pauli matrix. Matrix elements of a two-qubit mixed state ρ are degree-two functions of state coefficients of the pure state from which ρ has been obtained. In the most general case, the characteristic polynomial of ρ ρ satisfies
where the coefficients n d are given by
n 16 (ρ) = det (ρ ρ) .
A given coefficient n d (ρ) is a unitary invariant function of state coefficients of the pure state of which ρ is a part. The subscript d refers to the degree of the invariant. Defining
, we can verify that the coefficient n 4 (ρ) satisfies the relation
where
As per the definition of two-tangle if C (ρ) ≥ 0, then τ 1|2 (ρ) = |C (ρ)| otherwise τ 1|2 (ρ) = 0. Therefore for C (ρ) ≥ 0 we may rewrite Eq. (8) as
This is an important relation between coefficients n d (ρ) and two-tangle. When C (ρ) < 0, then we may write
III. ONE-TANGLE, TWO-TANGLES AND THREE-TANGLE OF A THREE-QUBIT PURE STATE
For a three-qubit system, the entanglement measures are known to satisfy CKW inequality [6] . In this section, we establish the relation between coefficients n d (ρ) and entanglement measures of a three-qubit pure state
where the state coefficients a i1i2i3 are complex numbers. The indices i 1 , i 2 , and i 3 refer, respectively, to the state of qubits A 1 , A 2 , and A 3 . Using the notation of ref. [24] , the determinants of negativity fonts are defined as D 00 (A3) i 3 = a 00i3 a 11i3 − a 10i3 a 01i3 (two-way), D 00 (A2) i 2 = a 0i20 a 1i21 − a 1i20 a 0i21 (two-way), and D 00i3 = a 00i3 a 11i3+1 − a 10i3 a 01i3+1 (three-way). One-tangle, defined as τ 1|23 (|Ψ 123 ) = 4 det (ρ 1 ) where ρ 1 = T r A2A3 (|Ψ 123 Ψ 123 |), quantifies the entanglement of qubit A 1 with qubits A 2 and A 3 . Three tangle [6] of |Ψ 123 is equal to four times the modulus of a unitary invariant polynomial of degree four that is
The entanglement measure τ 1|2|3 (|Ψ 123 ) is extended to a mixed state of three qubits via convex roof extension that is
where minimization is taken over all complex decompositions p i , φ (i) 123 of ρ 123 . Here p i is the probability of finding the normalized three-qubit state φ (i) 123 in the mixed state ρ 123 . The relation between a matrix element of the state ρ 12 = T r A3 (|Ψ 123 Ψ 123 |) and state coefficients is given by (ρ 12 ) i1i2j1j2 = i3 a i1i2i3 a * j1j2i3 . Similarly for ρ 13 = T r A2 (|Ψ 123 Ψ 123 |), we have (ρ 13 ) i1i3j1j3 = i2 a i1i2i3 a * j1i2j3 . One can verify that n 8 (ρ 12 ) = n 8 (ρ 13 ) = 1 16 τ 2 1|2|3 (|Ψ 123 ), n 12 (ρ 12 ) = n 12 (ρ 13 ) = 0, n 16 (ρ 12 ) = n 16 (ρ 13 ) = 0,
From Eq. (10), the two-tangle of the state ρ 1j reads as
Substituting the value of coefficients n 4 (ρ 1j ) from Eq (16) into Eq. (15), the tangles for |Ψ 123 satisfy the following constraint:
In other words, with qubit A 1 as focus qubit the sum of two-tangles and three-way correlations in |Ψ 123 is equal to τ 1|23 (|Ψ 123 ). Analogous relations can be found by taking A 2 or A 3 as the focus qubit.
IV. ONE-TANGLE OF A FOUR-QUBIT PURE STATE
In this section, we consider the case where two-qubit state is a marginal state of four-qubit composite system in a pure state. Our main objective is to find the relation between one-tangle of the state with qubit A 1 as focus qubit, the coefficients n 4 (ρ 1j ), and n 8 (ρ 1j ) (j = 2 to 4). To facilitate the calculation, the formalism of determinants of negativity fonts is used to express n 4 (ρ 1j ) and n 8 (ρ 1j ) in terms of two-qubit, three-qubit and four-qubit unitary invariant combinations of state coefficients. For more on definition and physical meaning of determinants of negativity fonts, please refer to section (VI) of ref. [24] . A general four-qubit pure state reads as
where the state coefficients a i1i2i3i4 are complex numbers. The indices i 1 , i 2 , i 3 , i 4 refer, respectively, to the state of qubits A 1 , A 2 , A 3 , and A 4 . For the purpose of this article, taking qubit A 1 as the focus qubit, the determinants of negativity fonts of |Ψ 1234 are defined as D 00
= a 0i20i4 a 1i21i4⊕1 − a 1i20i4 a 0i21i4⊕1 (three-way), and D 00i3i4 = a 00i3i4 a 11,i3⊕1,i4⊕1 − a 10i3i4 a 01,i3⊕1,i4⊕1 (fourway). Matrix elements of the state ρ 12 = T r A3A4 (|Ψ 1234 Ψ 1234 |) are given by
The coefficient n 4 (ρ 12 ) can be written in terms of the state coefficients by using Eq. (19) . Similarly one can obtain the coefficients n 4 (ρ 13 ) and n 4 (ρ 14 ) from the states ρ 13 = T r A2A4 (|Ψ 1234 Ψ 1234 |) and ρ 14 = T r A2A3 (|Ψ 1234 Ψ 1234 |), respectively. Expressions for n 4 (ρ 12 ), n 4 (ρ 13 ), and n 4 (ρ 14 ) in terms of determinants of negativity fonts are listed in subsection A 2 of Appendix A.
One-tangle defined as τ 1|234 (|Ψ 1234 ) = 4 det (ρ 1 ) with ρ 1 = T r A2A3A4 (|Ψ 1234 Ψ 1234 |), quantifies the entanglement of qubit A 1 with qubits A 2 , A 3 , and A 4 . It is easily verified that one-tangle satisfies the relation
In Eq. (20), the four-qubit tangle τ
It is known to detect GHZ-like entanglement of a four-qubit state, vanishes on a W-like state of four qubits, however, fails to vanish on product of two-qubit entangled states. Four-qubit invariant of degree two I 4,2 = D 0000 + D 0011 − D 0010 − D 0001 is the same as degree-two invariant H of ref. [25] .
V. THREE-TANGLES OF A FOUR-QUBIT STATE AND UNITARY INVARIANTS OF DEGREE EIGHT
To decifer the nature of correlations represented by n 4 (ρ 1j ) and n 8 (ρ 1j ), we express the matrix ρ ρ and in turn the coefficients n 4 (ρ 1j ) and n 8 (ρ 1j ) as functions of state coefficients of |Ψ 1234 . A rather lengthy analytical calculation reveals that when the two-qubit state ρ 1j is a marginal state of |Ψ 1234 then the coefficient n 4 (ρ 1j ) is a sum of squares of moduli of two-qubit invariants while the coefficient n 8 (ρ 1j ) is a sum of three-qubit invariants. Expressions for n 4 (ρ 1j ) and n 8 (ρ 1j ) are given in subsection A 2 of Appendix A. The coefficient n 8 (ρ 1j ) can, in turn, be rewritten as a sum of four-qubit unitary invariants. This section deals with the relation between the three-tangle of a given triple in a four-qubit pure state and the corresponding four-qubit invariant. It is seen in the following section, that the coefficient n 8 (ρ 1j ) , {j = 2, 3, 4} ,is a function of two of the three tangles τ 1|j|k (ρ 1jk ) , {k = 2, 3, 4 : k = j} and four-tangles.
It has been shown in our earlier works that given a three-qubit marginal state of a four-qubit state, the upper bound on three-tangle [26] depends on a specific unitary invariant [24] of the pure four-qubit state and genuine four-tangle of the state [24, 27] . In this section, using the definition of three-tangle of a mixed state (Eq. (14)), we identify the three-qubit and four-qubit correlations present in a four-qubit pure state. For the state |Ψ 1234 , the three-qubit invariants corresponding to I 3,4 (|Ψ 123 ) (Eq. (13)) read as
and
Here superscript in I 4,0 A4 indicates that it is a three-qubit invariant of degree (4 + 0) that is each term is a product of four state coefficients, all of which have i 4 = 0, and none contains a state coefficient with i 4 = 1. Likewise, I 0,4 A4 is a three-qubit invariant with each term being a product of four state coefficients all of which have i 4 = 1. The superscript contains information about the transformation properties of the invariant under the action of a unitary
on qubit A 4 . One can verify that I 4,0 A4 U 4 |Ψ 1234 is a function of three-qubit invariants contained in the set I 4−m,m
A4
: m = 0, 4 . The form of elements of the set in terms of determinants of negativity fonts is given in subsection B of Appendix A. Four-qubit invariant that quantifies the three-way and genuine four-way correlations [24] 
whereas the degree-eight invariant that measures genuine four-way entanglement of the state |Ψ 1234 is given by
On the other hand, for the mixed state
123 , the three tangle (Eq. (14)) is given by
It is known from ref. [26] that the upper bound on τ 1|2|3 (ρ 123 ), is given by
where τ
(1) 1|2|3|4 = 16 |12I 4,8 | is the genuine four-tangle defined in refs. [24, 27] . In general, for a selection of three qubits A 1 A j A k , where j = 2 to 4 and k = 2 to 4, with the appropriate set of three-
In case τ 1|j|k (ρ 1jk ) = 0, 16N and τ
1|2|3|4 are given in subsection B 1 of Appendix A.
VI. WHAT DOES COEFFICIENT n8 (ρ1j ) REPRESENT?
A rather lengthy analytical calculation reveals that for the two-qubit state, ρ 12 = T r A3A4 (|Ψ 1234 Ψ 1234 |), the coefficient n 8 (ρ 12 ) is a sum of four-qubit invariants. Two of these four-qubit invariants are N A1A2A3 .
The coefficient n 8 (ρ 12 ) also contains contribution from invariants P 1j , (j = 2 to 4) already known from earlier works on polynomial invariants [28] . Detailed form of these invariants in terms of determinants of negativity fonts is given in subsection B 2 of appendix A. It is easily verified that these are not independent invariants because
The exact expression for coefficient n 8 (ρ 12 ) reads as 
A comparison of n 8 (ρ 1j ) {j = 2, 3, 4} with the upper bound on three-tangles from Eq. (25) shows that n 8 (ρ 1j ) is a function of two of the three-tangles τ 1|j|k (ρ 1jk ) such that
Here we have defined four-tangle of the third type as τ as well as N A1A3A4
4,8
are non-zero, then the sum 4 4 j=2 n 8 (ρ 1j ) is found to satisfy the constraint
where ∆, a function of four-way correlations characterizing the pure state |Ψ 1234 , reads as
To arrive at Eq. (31) we have used the definition of τ 
By construction β 1j is the entanglement of qubit pair A 1 A j in the four-qubit state due to three-way and four-way correlations. It is easily verified that P A1A2 = P A3A4 , P A1A3 = P A2A4 , and P A1A4 = P A2A3 , as such, 4 j=2 β 2 1j does not depend on the choice of focus qubit.
VII. CONSTRAINTS ON TANGLES OF A FOUR-QUBIT STATE
In the case of a three-qubit pure state monogamy relation is a relation between degree-four functions of state coefficients that is one-tangle τ 1|23 (|Ψ 123 ), square of two-tangle τ 2 1|j (ρ 1j ) and three-tangle τ 1|2|3 (|Ψ 123 ). Genuine four-way entanglement [24, 27] , however, is quantified by a degree-eight function of state coefficients. Consequently, we have distinct sets of constraints to be satisfied by degree-four and degree-eight entanglement measures of correlations of a four-qubit state. A constraint on one-tangle and two-tangles is obtained by subtracting the sum of two tangles from Eq. (20) that is
where S 1 represents three-and four-way correlations. The state ρ 1j {j = 2, 3, 4} being a reduced state of ρ 1jk {k = 2, 3, 4 : k = j} contains information about two-tangle τ 1|j (ρ 1j ), two of the three tangles τ 1|j|k (ρ 1jk ), as well as four-way correlations. If for a two-qubit marginal state ρ 1j {j = 2, 3, 4} of |Ψ 1234 , C (ρ 1j ) ≥ 0 then the relation analogous to Eq. (10) reads as
Recalling that for a two-qubit state n 4 (ρ 1j ) = tr (ρ 1j ρ 1j ) (Eq. (5)) is a calculable quantity, we obtain a set of three conditions to be satisfied by measures of two-way, three-way and four-way correlations. By substituting for coefficients n 8 (ρ 1j ) from Eqs. (29) into Eq. (35) we obtain the following three constraints:
Here
The quantity R 2 (ρ 1j ) represents four-way correlations involving the qubit pair A 1 A j and the two remaining qubits of the four-qubit state. As such R = 
We notice that Eq. (37) and Eq. (39) reduce to corresponding relations for three-qubits if values of j are restricted to (j = 2, 3). Four-qubit states also satisfy the constraint on one-tangle reported in Eq. (47) of ref.
( [22] ) which involves only degree-four invariants. In that case, three-qubit correlations due to a given triple are accounted for by 1 2 τ 1|j|k (ρ 1jk ) and a new tangle. Alternatively, the relation between one-tangle, two-tangles and three tangles, found by taking the square of Eq. (39) reads as
It is important to note that it is a relation between degree-eight terms that is each term is a product of eight pure state coefficients. Next, we consider examples to verify the validity of constraints implied by Eq. (37), Eq. (39) and Eq. (40).
VIII. FOUR-QUBIT GHZ STATE
Consider the maximally entangled four-qubit GHZ state
Coefficients in the characteristic polynomial of the matrix ρ 1j ρ 1j are n 4 (ρ 1j ) = 1 2 , n 8 (ρ 1j ) = 1 16 , and n 12 (ρ 1j ) = n 16 (ρ 1j ) = 0. While all two-tangles and three-tangles are zero on this state, it is easily verified that τ (0) 1|2|3|4 = 1, and ∆ 1j = 4n 8 (ρ 1j ) = 1 4 . One-tangle satisfies the relation
According to Eq. (37), n 2
IX. CLUSTER STATE
On the maximally entangled cluster state
all two-tangles and three tangles are null, τ . It is interesting to compare it with the product of two-bell states that is
A simple calculation shows that τ 1|234 = 1, τ 2 1|2 (ρ 12 ) = 1, τ 
indicating that the state does not have three or four-qubit correlations.
Regula et al. [16] have shown that a subset of pure states |Ψ 1234 violates the inequality
which is a natural extension of CKW inequality to four-qubit states. It was also pointed out that states with particularly large violations of the inequality can be constructed by beginning with the state G
abc of ref. [29] with b = c and additionally imposing b = c = ia with parameter a ≥ 0, that is
For these states, one tangle τ 1|234 = 8a 2 +16a 4 (4a 2 +1) 2 satisfies Eq. (20) . All three tangles have the same value that is τ 1|2|3 = τ 1|3|4 = τ 1|2|4 = (4a 2 +1) 2 . Figure (1) displays one-tangle τ 1|234 , the sum of three-way and four-way correlations S 1 (Eq.
(39)), an estimate of residual correlations S =
, and residual four-way correlations quan-
, versus state parameter a for the states
a,ia,ia . 
XI. CONSTRAINTS ON TANGLES OF AN N-QUBIT STATE
Consider a multiqubit state |Ψ N with a two-qubit marginal state ρ 1j where {j = 2 to N }. Osborne and Verstraete [30] generalized the CKW inequality to N-qubit systems showing that one-tangle satisfies
Each state ρ 1j can be obtained from anyone of the (N − 2) three-qubit reduced states ρ 1jk of |Ψ N . In this case the relation analogous to Eq. (37) has the form
whereas the generalization of Eq. (40), the relation satisfied by one-tangle, two-tangles and three-tangles, reads as 
These constraints improve on the relation given by Eq. (42).
XII. CONCLUSIONS
Two-tangle [17, 18] of two-qubit mixed state ρ is a known function of eigenvalues of non Hermitian matrix ρ ρ where ρ = (σ y ⊗ σ y ) ρ * (σ y ⊗ σ y ). When state ρ is known to be part of an N-qubit system in a pure state then the non-hermitian matrix ρ ρ can be used to extract information about the correlations of the pair of qubits with (N − 2) qubits in the state |Ψ N . This information is contained in the coefficients of the characteristic polynomial of ρ ρ. The relation between the coefficient n 4 (ρ) = tr (ρ ρ), two-tangle and sum of 3-way, four-way,...,N-way correlations in the state |Ψ N is given by Eq. (8) .
Our main result is the set of constraints on one-tangle of a focus qubit, two-tangles, three-tangles and four-way correlations, obtained by expressing the coefficients in the characteristic polynomial of ρ ρ in terms of state coefficients of a four-qubit pure state. One tangle of a four-qubit pure state satisfies the constraints given by Eqs. (39) and (40) independent of the class to which a given four-qubit state belongs. In particular, these constraints are satisfied by the set of states G (2) a,ia,ia that violate the entanglement monogamy relation obtained by a generalization of CKW inequality. The residual four-qubit correlations obtained by subtracting two-tangles and three-tangles as in Eqs. (37) represent contributions from all possible four-qubit entanglement modes.
A simple calculation on the same lines as for four qubits indicates that one-tangle of an N-qubit state satisfies the inequality given by Eq. (44). This work reveals constraints on the sharing of entanglement at multiple levels and offers insight into quantification of those features of quantum correlations, which only emerge beyond the bipartite scenario. It will be interesting to investigate the interplay between the entanglement tradeoff and frustration phenomena in complex quantum systems [31] . Our approach paves the way to understanding scaling of entanglement distribution as qubits are added to obtain larger multiqubit quantum systems. and P1j in terms of two-qubit unitary invariants
Notation
In this subsection we set up the notation used to express the relevant three and four-qubit invariants in terms of two-qubit unitary invariants. In section (IV) a general four-qubit pure state was written as
and the determinants of negativity fonts of the state defined as D 00 (A3) i 3 (A4) i 4 = a 00i3i4 a 11i3i4 − a 10i3i4 a 01i3i4 (twoway), D 00 (A2) i 2 (A4) i 4 = a 0i20i4 a 1i21i4 − a 1i20i4 a 0i21i4 (two-way), D 00 (A2) i 2 (A3) i 3 = a 0i2i30 a 1i2i31 − a 1i2i30 a 0i2i31 (two-way), D 00i3 (A4) i 4 = a 00i3i4 a 11,i3⊕1,i4 − a 10i3i4 a 01,i3⊕1,i4 (three-way), D 00i4 (A3) i 3 = a 00i3i4 a 11i3,i4⊕1 − a 10i3i4 a 01i3,i4⊕1 (three-way), D 00i4 (A2) i 2 = a 0i20i4 a 1i21i4⊕1 − a 1i20i4 a 0i21i4⊕1 (three-way), and D 00i3i4 = a 00i3i4 a 11,i3⊕1,i4⊕1 − a 10i3i4 a 01,i3⊕1,i4⊕1 -(fourway). The notation for two-qubit unitary invariants for qubit pairs A 1 A 2 , A 1 A 3 , and A 1 A 4 follows. The set of invariants with respect to unitary transformations on qubits A 1 and A 2 are given by
H 02 = D 0000 + D 0011 , H 12 = D 0001 + D 0010 .
Two-qubit invariants with respect to unitaries on qubits A 1 and A 3 are denoted by
Invariants with respect to unitaries on qubits A 1 and A 4 read as
2. The coefficients n4 (ρ1j) and n8 (ρ1j)
The coefficient n 4 (ρ 1j ) = tr (ρ 1j ρ 1j ) is found to have the form
which is a function of three-qubit invariants reads as : m = 0, 4
Degree four three-qubit invariants of a four-qubit state relevant to constructing the upper bound on τ 1|2|3 (ρ 123 ) in terms of two-qubit invariants for the pair A 1 A 2 are listed below: are obtained by substituting, respectively, j = 2 and 4 in the following equation:
whereas N 
2. Invariants P1j and M4, 8 (ρ1j ) Invariants P 1j are degree four functions of determinants of negativity fonts and read as
Term M 4,8 (ρ 1j ) is a sum of three-qubit invariants, that is
